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1. INTRODUCTION 
The main aim of this note is to prove the following theorem. 
Theorem 1. Let 3 be a transversely orientable Riemannian foliation on a compact 
orientable mantfold. If 3 has a compact leaf whose fundamental class is non-zero, 
then the foliation 3 is minimalisable. 
We would like to point out that the converse is not true. As an example can 
serve the flow of S3 considered as the union of two solid tori, cf. [3]. A Rie- 
mannian flow on a simply connected manifold is an isometric flow, cf. [9], and 
therefore a totally geodesic one, cf. [5], hence minimal. Our flow has one compact 
leaf, is minimal but the fundamental class of its compact leaf is zero as 
Hi (S3) = 0. Let us also note that none of its normal bundles is integrable, as that 
would mean that S3 is a product of two manifolds, one of them being R. 
If the foliation admits a supplementary subbundle which is integrable we can 
weaken the assumption on the compact leaf. 
Theorem 2. Let 3 be a transversely orientable Riemannian foliation on a compact 
orientable mumfold. Assume that 3 admits an integrable supplementary subbundle. 
If 3 has a compact leaf then the foliation 3 is minimalisable. 
Remark. We do not assert that the normal bundle of 3 for the Riemannian 
metric in which our foliation 3 is minimal is integrable. 
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The main step in the proof of Theorem 1 is the demonstration of the existence 
of a basic form representing the Thorn class of the normal bundle of the compact 
leaf under consideration. 
Taking into account Theorem B of [9] for flows the same considerations yield 
the following. 
Corollary 1. Let 3 be a Riemannian flow on a compact manifold. Zf F has a 
compact leaf whose fundamental class is non-zero, then _F admits a global section. 
The author would like to express his deep gratitude to the referee whose kind 
remarks helped improve the paper considerably. 
2. PRELIMINARIES 
The total space of the normal bundle 7r : TM + N(M, J=‘) = TM/T.F of 3 
admits a foliation 3~ of the same dimension as 3. Leaves of the foliation 3~ are 
coverings of the corresponding leaves of 3. 
Let 3 be a Riemannian foliation and L a compact leaf. Then N(M, 3) 1 L can 
be identified with the normal bundle N(L) of L in M. The total space of this 
bundle is foliated by 3’~ and the exponential mapping defined by orthogonal 
geodesics maps leaves of 3~ into leaves of 3. L admits a saturated tubular 
neighbourhood U, i.e. there exists r > 0 such that the exponential mapping 
exp : N(L) + M when restricted to N(L, r) = {v E N(L): /lvll 5 r} is a diffeo- 
morphism. The foliation 30 = (exp 1 N(L, r~)-13 of N = N(L, r) can be described 
as follows, cf. [6] 
N = t x D( 0, r)/Rh 
where h : q(M) --f O(q) is the linear holonomy representation of the leaf L and 
Rh the equivalence relation defined by it. The foliation 30 is the quotient of the 
simple foliation C defined by the submersion p : 1, x D(0, r) + D(0, r). 
Our presentation of the Thorn class is based on the book R. Bott, L.W. Tu, 
DQj%erential Forms in Algebraic Topology to which we refer the reader for all the 
necessary details. 
We shall show that the Thorn class of the normal bundle of N(N, 30) admits a 
representative which is a basic form. The normal bundle of the foliation C is the 
inverse image byp of the tangent bundle TD( 0, r), so if W is a representative of its 
Thorn class then dp *W is a representative of the Thorn class of the normal bundle 
of L. The group imh = G is compact and its action preserves the foliation L. 
Therefore by averaging the form dp’w we obtain a G-invariant basic represen- 
tative L;r of the Thorn class of the normal bundle of (L x D(0, r), C). The folia- 
tion C being G-invariant, projects onto 30, so does the form ~2. The projected 
form is a basic from on the normal bundle of the foliation 30 which represents its 
Thorn class. 
The exponential mapping transports the Thorn class of the normal bundle of 
N(N, 30) onto the Thorn class of the normal bundle of (exp(N), 3). Therefore 
we have proved the following proposition. 
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Proposition 1. Let 3 be a Riemannian transversely orientable foliation on a com- 
pact manifold. Then any compact leaf of 3 has a foliated neighbourhood over which 
the Thorn class of the normal bundle has a representative which is a basic form. 
Proposition 1 and Proposition 6.24 of [2] provide us with the following pro- 
position. Taking into account the result of X. Masa, cf. [8], Theorem 1 is an easy 
corollary of Proposition 2. 
Proposition 2. Let 3 be a transversely oriented Riemannian foliation on a com- 
pact orientable manifold A4. If 3 has a compact leaf whose fundamental class is 
non-zero, then Hq(A4,3) E R and the basic cohomology injects into the cohomol- 
ogy of the manifold. 
Proof. Proposition 6.24 of [2] ensures that the Thorn class of the normal bundle 
of L transplanted by the exponential mapping onto M is the Poincari: dual of 
[L] E H,(M). As the exponential mapping preserves the foliations and the Thorn 
class has a representative being a basic form, the Poincari: dual of [L] has a re- 
presentative which is a q-basic form. This form defines a non-zero cohomology 
class. If it were zero, then for some closed p-form N we would have 
O#Ii*n=io:Aw= Sar\d@= Jd(a:Ap)=O 
M M 
as w = d/3 for some q - 1 form on M. 
Thus Hq(M, 3) injects into Hq(A4). As the condition Hq(M, 3) # 0 ensures 
that the Poincari: duality holds for basic cohomology, cf. [4], the fact that 
Hq(M,3) injects into Hq(M) is equivalent to the fact that the basic cohomol- 
ogy injects into the cohomology of the manifold. q 
Now we shall turn our attention to Riemannian foliations with integrable 
normal bundle. To be precise we consider the following situation. 
A foliation can be Riemannian for a whole family of Riemannian metrics on 
the manifold M. The important is the transverse part. We are free to choose a 
supplementary subbundle Q. Onto this subbundle we transport the Riemannian 
metric from the transverse manifold. The Riemannian metric on M is defined as 
follows. We make the tangent bundle T3 and the bundle Q orthogonal and 
choose any metric on T3. The metric on Q is determined by the transverse 
structure of the foliation. In our case the foliation 3 is Riemannian and it admits 
a supplementary subbundle which is integrable. Therefore we can choose a 
bundle-like metric for 3 for which Q is the normal bundle of 3. 
Let Q be the normal bundle of 3. Then the tangent bundle TM admits the 
decomposition T3 CB Q. This decomposition allows us to define pure forms of 
bidegree (r, s), cf. [ll]. Then the differential d decomposes itself into three com- 
ponents: 
If p E nr,.’ then 
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i.e. d = dl +dz + 6’ where dl : A*>* -+ A*+ll*, d2 : A*>* A A*,*+‘, d : A*)* -+ 
A*-],*+2 
The operator d = 0 iff the normal bundle is integrable. 
The volume form w along the leaves of 3 is of type (p, 0). Its differential 
dw=d~w+d2wandd~wEAP+“’ and dzw E Ap,‘. As AP+‘,’ = 0, dw = d2w. It 
means that for a bundle-like metric with the integrable normal bundle we have 
dw = dzw, that is the volume form along the leaves is closed relative to 3 iff it is 
closed. In this case the Rummler-Sullivan criterion for such Riemannian metric 
takes the form; [7, 1213 is minimal #the volume form along the leaves is closed. 
Assume that a minimal foliation 3 has a compact leaf L. The volume form CY 
of leaves is a closed p-form. Thus 0 # J, . z’a and therefore we have proved the 
following proposition, compare the example of Introduction. 
Proposition 3. Let 3 be a minimal Riemannian foliation of a compact orientable 
manifold. If its normal bundle is integrable then the fundamental class of any com- 
pact leaf is non-zero. 
Taking into account the result of X. Masa, cf. [S], Theorem 2 can be easily 
derived from the following proposition. 
Proposition 4. Let 3 be a transversely orientable Riemannian foliation on a com- 
pact orientable manifold M. Assume that 3 admits an integrable supplementary 
subbundle. Then ifHq(M,3) = 0 or H*(M,3) does not inject into H*(M), then 
3 does not have a compact leaf 
Proof. If 3 has a compact leaf L, then according to [l] or [13] L meets any leaf of 
3’. This ensures, cf. [lo], that the fundamental class of L is non-zero in HP(M). 
Then Proposition 2 leads us to a contradiction. q 
REFERENCES 
[I] Blumenthal, R.A. and J.J. Hebda - De Rham decomposition theorem for foliated manifolds. 
Ann. Inst. Fourier 33, 183-198 (1983). 
[2] Bott, R. and L.W. Tu - Differential Forms in Algebraic Topology. Springer Verlag. 
[3] CarriBre, Y. ~ Flots riemanniens. Astkrisque 116, 31-52 (1984). 
[4] El Kacimi-Alaoui, A. and G. Hector - D&composition de Hodge basique pour un feuilletage 
riemannien. Ann. Inst. Fourier 36,207-227 (1986). 
[5] Gluck, H. - Dynamical behaviour of geodesic fields, Global Theory of Dynamical Systems, 
Evanston, Springer LN 819,190-215 (1980). 
[6] Haefliger, A. - Varittks feujllettes. Ann. Scuola Norm. Sup. Piss 16, 367-397 (1962). 
[7] Haefliger, A. - Some remarks on foliations with minimal leaves. J. Diff. Geometry 15, 269-284 
(1990). 
[8] Masa, X. ~ Duality and minimality in Riemannian foliations. Comm. Math. Helv. 67, 17-27 
(1992). 
[9] Molino, P. and V. Sergiescu - Deux remarques sur les flots riemanniens. Manus. Math. 51, 
145-161 (1985). 
[lo] Plante, J. - Foliations with measure preserving holonomy. Ann. of Math. 102,327-361 (1975). 
378 
[II] Roger, Cl. - Cohomologie (p, q) des feuilletages et applications, Structures transverse des feuil- 
letages, Toulouse, 1982. Asttrisque 116, 195-213 (1984). 
[12] Rummler, H. ~ Quelques notions simples en geometric riemannienne et leurs applications aux 
feuilletages compacts. Comm. Math. Helv. 54, 224-239 (1979). 
[13] Wolak, R.A. ~ Foliations admitting transverse systems of differential equations. Comp. Math. 
67, 89-101 (1988). 
379 
